The generalized Swift-Hohenberg equation with a quadratic term is studied. Temporally stable localized stationary solutions have been found, stationary fronts as the source of traveling fronts have been shown to exist. The study is a combination of the mathematical theory using the theory of homo-and heteroclinic solutions and numerical simulation.
Introduction
We proceed the study of the generalized Swift-Hohenberg equation (GSHE)
started in 1, 2 . This equation proved to be a useful model PDE in different branches of physics ranged from hydrodynamics 4, 7, 6 to nonlinear optics 8 . Originallly the SH equation was derived 4 with β = 0, it modelled for α > 0 the appearance of spatially periodic stationary convective patterns (rolls) being stable only in some band of wave numbers (Eckhaus instability) 5, 6 . Here we are of interest in localized solutions to GSHE, that is, solutions which are stabilized when |x| → ∞. The term βu 2 was introduced first phenomenologically by Haken 9 to model a threshold character of periodic patterns appearance, the mathematical sense of this term was displayed in 1 . Namely, it has been shown there that if β > 27/38 the Eq. (1) do have localized stationary solutions (a set of these solutions is countable) which are born through the Hamiltonian Hopf Bifurcation 10 under the passage from α > 0 to α < 0 (this is only a part of the boundary of their appearance). To that end, a codimension 2 Hamiltonian Hopf Bifurcation for the reference equilibrium O was studied 1 near the point (α, β) = (0, 27/38). These solutions appeared to be unstable at their onset 3 . Therefore, we undertook efforts 2 to search for stable localized stationary solutions to GSHE. Our results showed the existence of a number of such solutions. Here we restrict ourselves by symmetric localized solutions, their search is much easier to realize. Also we found a part of the boundary of the appearance of stationary localized solutions through the first homoclinic tangency. Finally, we present the mechanism responsible for the emergence of traveling fronts to GSHE.
Stationary equation
The existence theorem for Eq. (1) follows from the standard considerations and can be found in 2 . On a segment with periodic or proper boundary conditions this equation is gradient one, so its solutions tend to stationary ones as t → ∞. On the whole line R the equation fails to be gradient, so traveling fronts are possible, as well as phenomena like "coarsening" 13 . Stationary solutions to GSHE obey the equation
which by means of introducing new variables
is transformed to a reversible two-degrees-of freedom Hamiltonian system
with a Hamiltonian
Without loss of generality one may assume β to be nonnegative.
The system (4) has an equilibrium O = (0, 0, 0, 0) (it corresponds to reference spatially homogeneous solution to (1)), homoclinic orbits to it correspond to localized solutions of Eq. (2). These homoclinic orbits may exist only if O possesses orbits that may tend to O when x → ±∞.
The equilibrium O is a saddle-focus if α < 0, then there are two two-dimensional smooth manifolds through O, W s , W u , that contain orbits tending O when x → +∞ or x → −∞, respectively. In 3-dimensional level H = 0 these 2-dimensional manifolds can intersect transversally that leads to persistence of these orbits under varying parameters. Thus the most natural region for looking for homoclinic orbits is α < 0.
Also, the existence of asymptotically periodic orbits can be persistent, since they correspond to a transverse intersection of stable and unstable manifolds of the same or different saddle periodic orbits lying in the same level of Hamiltonian. One more possibility is the existence of orbits which are asymptotic to a periodic orbit in one direction of "time x" and to the saddle-focus in another direction. It can be shown that these types of orbits do exist for our system.
Eq. (4) may have other equilibria, if d = β 2 + 4(α − 1) > 0. Then two other equilibria P 1 and P 2 exist. In the parameter plane there is a curve l being a locus of those parameter values where H(P 2 ) = 0. This curve is determined by the equation 2β 2 + 9(α − 1) = 0. For points (α, β) ∈ l the system has both points O and P 2 in the same level of Hamiltonian. For such (α, β) heteroclinic orbits connecting O with P 2 exist, as will be discussed below.
Since we are interesting in stationary localized solutions to Eq. (2), the main question to the system (4) is about homo-and heteroclinic orbits involving O, on their appearance and bifurcations 11, 12, 14 . There are two natural boundaries of the existence of homoclinic orbits to O. The first is the axis α = 0, since only for α < 0 homoclinic orbits may exist as structurally stable objects. On the parameter plane (α, β) there is another curve, β 2 = −3α, to the left of this curve no stationary localized solutions exist 1 . So, if we are below the curve β = √ −3α, β > 0 in the parameter plane, the system (4)) has the property: stable, W s , and unstable, W u , manifolds of the equilibrium O do not intersect each other. Then a natural question arises: how these manifolds become intersecting, if the parameter β increases above this curve. The answer is rather simple: in the plane (α, β) exists a curve T of the first tangency of W s and W u . This is similar to the "first tangency" case in 15 . Below this curve W s and W u do not intersect, they do intersect along one homoclinic orbit for (α, β) ∈ T , and they have two close homoclinic orbits for systems above T and close to it. We have found numerically a piece of this curve between α = −2 and α = −0.2.
Stationary fronts and emergence of traveling fronts
Stationary fronts correspond to heteroclinic orbits connecting two saddlefoci which exist for d > 0 and α < 0 for those parameters α, β which belong to the curve l. For (α, β) ∈ l the system acquires an additional reversible involution σ 2 : (q 1 , q 2 , p 1 , p 2 ) → (2β/3 − q 1 , q 2 , p 1 , 2β/3 − p 2 ) which rearranges O and P 2 . In particular, it means that if there is a transverse heteroclinic orbit Γ going from O to P 2 , then there is a corresponding transverse heteroclinic orbit σ 2 (Γ) from P 2 to O, that is, there is a heteroclinic cycle.
For (α, β) ∈ l the change of variables in (4) q 1 → q 1 −β/3, p 2 → p 2 −β/3, leads to equations (we preserve the same notations for variables)
or (2) takes the form
to which variational methods (see, for instance, 16 ) can be applied to prove the existence of heteroclinic orbits to their homogeneous stationary states u = ±β/3 being saddle-foci for the related Hamiltonian system (unfortunately, as we aware of this by now, no existence proofs exist, so far). Due to reversibility (see above, this section) we would obtain a heteroclinic cycle. By present time, we do not know, how it can be proved rigorously, but our simulations have shown the existence of a number of such heteroclinic orbits. Then all conclusions of Theorem 1 and Corollaries 1,2 from 14 can be applied to obtain a rich zoo of different solutions, in particular, a countable set of homoclinic orbits to O and P 2 , a countable set of heteroclinic orbits of different roundness connecting O and P 2 , families of periodic orbits close to homoclinic and heteroclinic cycles, etc..
We found such heteroclinic orbits by means of numerical simulations. The orbits we are looking for are symmetric heteroclinic ones. To find them, we seach those orbits in the unstable manifold of one saddle-focus which intersect the involution σ 2 symmetry plane, i.e., q 1 = p 2 = 0. To this end, we find intersection of this symmetry plane with the level H = 0, that gives p 1 q 2 = β 4 /324. We go along every of these two branches of the hyperbola with some step and look for intersection points of orbits in the unstable manifold with the symmetry plane. In the contrast with the case of extended Fisher-Kolmogorov equation 16 (where the signs of coefficients in front of fourth and second derivatives are opposite, not the same as in our case), here stationary fronts exist not for all negative α (or β > 3/ √ 2), but below some threshold α < α 0 . This α 0 is determined apparently by the first tangency of the unstable manifold with the symmetry plane.
The existence of transverse heteroclinic orbits between O and P 2 and presence of parameter β leads to the existence of slow moving traveling fronts branching from stationary ones. The mechanism of this branching is the following 14 . Traveling solutions to (1) (i.e., depending on ξ = x − ct) are described by the equation
that can be transformed to the differential system by the same change of variables (3)
which is no longer be Hamiltonian and reversible but preserves the property to be divergence free. In 4-dimensional phase space for small c and (α, β) close to l equilibria O and P 2 remain saddle-foci with two-dimensional stable and unstable manifolds. Choose some 3-dimensional cross-section N to a heteroclinic orbit Γ existing at c = 0. Then traces of stable and unstable manifolds in N are two smooth curves crossing at a point being the trace of Γ in N . If parameter β enters generically, then traces of manifolds in N under varying β near l at a fixed α move generically giving only one intersection point of manifolds, when (α, β) ∈ l. For the same α and all small c = 0 the same will take place: there exists a β(c, α) such that for the set α, β(c, α), c the system (8) has a heteroclinic orbit connecting O and P 2 . Such the orbit gives a traveling front. These simplest traveling fronts appeared stable, stability of multiround traveling fronts is an open question for this model. Concerning temporal stability of localized solutions, the main point is about point spectrum. Here we use the following procedure. Suppose u 0 (x) to be a symmetric solution to (1) , that is, u 0 (−x) = u 0 (x). Linearize Eq. Among other sets, we have found spectrally stable symmetric localized solutions at the following sets of (α, β): (-1.0, 2.6), (-1.0, 2.555), (-1.0, 2.66), (-1.0, 2.679), (-1.7, 3.1). Near the first tangency bifurcation curve we have found pairs of close symmetric localized solutions, one of which was spectrally stable, but another one was unstable, and their closest to zero eigenvalues (they are unique) come close when β come to the bifurcation curve.
